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It is proved that for any given positive integers N and k the number of integers 
n <N for which the equation 4/n = l/x + l/y + l/r is unsolvable in positive 
integers x, y. z is not greater than cN/(log N)k, where c is a constant depending 
only on k. 
Erdiis and Strauss have conjectured that the equation 
(1) 
where y1 is an integer > 1, is solvable in positive integers x, y, z. A survey of 
the literature about this problem can be found in [ 11. 
The solvability of Eq. [ 1 ] has been veryfied for 
n<5000 (Strauss) 
n<8000 (Bernstein) 
n < 20,000 (Shapiro) 
n < 106,128 (Oblath) 
n < 400,000 (Chao Ko et al. [ 21) 
n < 10’ (Yamamoto) 
n < 1.1 x 10’ (Jollenstein [ 31). 
Webb [4] has proved that the number of integers n < N for which Eq. (1) is 
not solvable is not more than cN/log N)“4, where c is a constant. 
In this paper we prove that for arbitrary positive number k there exists a 
constant c > 0 such that the number of integers n < N for which Eq. (1) is 
not solvable is <cN/(log N)‘. To prove this we find some sufficient 
conditions for the solvability of the equation and then we make use of 
Selberg sieve. 
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THEOREM 1. Equation (1) is solvable if the equation 
jc[2b(4k - 1) -j] = 4kn 
has a positive integer solution j, c, b, k. 
Proof. Taking x = kn, we reduce (1) to 
4k- 1 Ytz 
-iF=- YZ 
(2) 
(3) 
which is solvable if the equations 
y+z=a(4k- 1) 
yz = ank 
(4) 
have a positive integer solution, or equivalently, the equation 
X2-a(4k- l)Xtank=O (5) 
is solvable in positive integers. Equation (5) is solvable if and only if the 
equation 
a2(4k - 1)’ - 4akn = Y2 (6) 
has an integer solution with a > 0, k > 0. Taking a = b2c, Y = bet we reduce 
(6) to 
b4c2(4k - 1)’ - b2c2t2 = 4b2ckn. (7) 
Cancelling the factor b2c gives us 
c(b2(4k - 1)’ - t2) = 4kn. 
or equivalently 
c(b(4k - 1) + t)(b(4k - 1) - t) = 4kn. (8) 
Taking t = b(4k - 1) -j in (8) we obtain 
jc[2b(4k - 1) -j] = 4kn 
which gives us the sufftcient condition we wanted. 
4/n = I/x t l/y t l/z 
COROLLARY 1. Equation (1) is solvable if the equation 
(4.~~6 - 1)/3 = n t 4s*c 
487 
(9) 
has a positive integer solution. 
ProoJ: We take in (2) 
j = 2s, k = SC& b=&3-s 
and obtain 
2sc[2(&3 - s)(rtscS - 1) - 2s] = 4sc&z, 
which gives (9) by cancelling the factor 4scS. We note that for any solution 
of (9) we always have b = S/3 - s > 0. 
COROLLARY 2. Equation (1) is solvable if the equation 
(4&z - 1)/3 = 4ncz* t 1 
has a positive integer solution. 
Proof. We take in (2) 
j = 2nz, k = ZCS, b=@-nz 
and cancel the factor 4zcon. 
COROLLARY 3. Equation (1) is solvable if the equation 
4(zt - 6) 6c = n t t 
has a positive integer solution. 
Proof. We take in (2) 
j = 2nz, k = ZCS, b=zt-6 
(10) 
(11) 
and cancel the factor 4nz’c. 
All the corollaries can be used in sieve method. We shall make use of 
Corollary 1 with s = 1 and c = prime and we restate it as the following: 
COROLLARY 4. Equation (1) is solvable jf there exist primes p and q 
such that 
p=--1 (mod %I, 
nE---44 (mod P). 
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To make use of Selberg sieve we need the following notations: 
2 = {41,..., qr } = the set of the first r odd primes, 
M= n q 
4E9 
9={(p=prime(r,<p<iV”3,p=-1(mod4),(p+1,M)> I} 
= ( p = prime 1 rl < p < N1j3,p = - 1 (mod 4q) for some q E S}, 
where r, is a constant depending on r such that 
\‘1<1 
Pi;irl P2 
and 5 > 9 for qE-2, 
rIv>= n P, 
PC9 
b(p) = I{Si E 9 1 P E -1 (mod 4qi)}l, 
f(P) = P/b(P)? 
we have 1 < b(p) < r < rl < p, and therefore 1 <f(p) <p, 
f(d) = n f(p) for d divides n (3) 
/-Id 
2 = N’l’, 
g= diddivides n (9),d<z”2 
! t 
, 
g(d) = f(d) n (1 - &) for d divides n (9), 
pld 
Q=Q(g)= -i- -!- 
d?g g@) ’ 
d= {nIn<N}. 
At last we denote by s the number of the integers in ..@’ satisfying none of 
the following congruences: 
nz-4q (mod P), 
where p E 9 and q E 9 are such that 
pz-1 (mod 4q). 
It is easy to see that for every p E 9 we have b(p) congruences of this form. 
4/n = l/x + l/y + l/z 
LEMMA 1. We have 
l&i-‘. 
Proof. By Theorem 3, Chapter IV in [5] we need only show that 
1 1 = N/‘(d) + R, 
PIE.4 
dl o(n) 
and 
where 
o(n) = 1 if n & -4q (mod p) for all q E -2, 
p E 9 such that p = - 1 (mod 4q) 
= Pi, Pi2 * ’ ’ Pi, if 3qi E 9 such that n = -4q (mod pi) 
for pi = pi, )*a*) pi,* 
Let d=p,p,...p,, then 
‘7 
r.. 
1 = the number of n < N sifted by p,,...,ps 
dlo(n) 
= the number of n < N satisfying one of the following 
systems of congruences: 
n=-4q,, (mod p1 ), 
n=--4q,, (mod p2 ), 
. . . . . . 
n s -4q,, (mod P,), 
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(13) 
where qi is any one satisfying pi = -1 (mod 4qi). 
For every pi there are b(p) = pi/f(p,) of q which can be used as qi in 
(13). We reduce system of congruences (13) into a congruence mod d: 
There are 
nzh (mod d). (14) 
(Pi/f(P,)(P,/f(P,)) .*a (Ps/f(Ps/f(Ps))=dlf(d) 
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numbers which can be used as h in (14) and for every hi there are 
(N/d + Ej) solutions n < N of (14) and lEil < 1. Hence we have 
d/f Cd) 
~‘ ’ = C (N/d+Ej)=N/f(d)+Rd. 
*z j=l 
d I o(n) 
and 
To estimate Q we need the following lemma 
LEMMA 2. 
1 
-K- ~=loglogxta+O - 
pp’lx P ( 1 logx ’ 
E w =Blogx t O(1). 
If P is a finite set of primes, then 
where c is a positive constant. 
Proof See Theorems 4.1 and 5.5, Chapter I in [6]. 
P 
(15) 
(16) 
(17) 
LEMMA 3. If P is a set of primes not exceeding N and Np = {n < N ( 
n =~p E P), then there exists a constant B > 0 such that 
ProoJ Lemma4.1, Chap. II in [6]. 
LEMMA 4. If (k, 1) = 1, then there exists a constant c > 0 such that 
,,,TmI,,,, (l-$)-l wlwPk’* 
P<X 
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Proof We have by Ch. 7 in [7] that 
-loglogx+A +o 
Hence 
1 h- 1 
v,(k) 
loglogx+A to - 
( ) log x 
Now we estimate Q. Let 
1 
a- 
v(k) 
log log x + c. 
It is easy to see that 
gi= {d E al 1 d is square-free}. 
By definition of Q and g(d), we have 
Q=QW= c ds?3 
For all p E 3, b(p) are the same, which is denoted by b, in the following. 
Now 
(18) 
where O(d) is the number of prime factors of d counting multiplicity. 
We have 
(19) 
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since every d with square factor and appearing in the first summation on the 
right hand side appears in the second summation. From the definition of 9 
it follows that 
Therefore (19) becomes 
We write N, = N’13 and note 
tec7j tj<Nyb’ 
wi 
and 
c 
1112 . . . tbi=d 
‘,<NYb’ 
tj’.Gi 
t,t2.. .tbi=d 
tjsai 
< 1 1 < bpcd’. 
t1t2 . . . tbt=d 
tjsa,or t j= 1 
The last step can be seen as follows: there are at most bred) methods of 
putting Q(d) balls (primes) not necessary distinct into b, boxes t,,..., tbi. 
Putting this inequality into (20) and making use of Lemmas 2 and 3 we 
obtain 
s,q, (tzybif)‘i~cp~ybI (I--$)-” toz, PEPpi 
> C(log N)bl”P(4M). 
Putting this into (18) we obtain 
Q > c c(log N)bi’r(4M) 
(i,4M)= 1 
9j+0 
> 4og N) 
~(~,~M)=I,~~#Q)~~I’P(~M) (21) 
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For a given q E 9, there are p(M/q) residue classes (mod 4M) satisfying 
iz-1 (mod 4q), 
(i, 4M) = 1. 
Therefore 
where q, is an absolute constant, and we obtain 
Q > c(log JQcolog log r. 
On the other hand, it follows from Lemma 2 that 
n (1 -+J*=rJ (1 -y)-2 
PE-P 
<n 1-i 
-2r 
PC3 ( i 
< c(log N)? 
(22) 
(23) 
It follows from (12), (22) and (23) that 
73’ 
< cN/(log N)co’Og’Ogr + cP(log N)*r 
< cN/(log ivpog log : 
where c is a constant depending on r and co is an absolute constant. 
Taking r large enough we obtain 
THEOREM 2. For any given k > 0, there exists a constant c > 0 such that 
s< cN/(log N)k, 
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that is to say, the number of n < N for which Eq. (1) is not solvable is not 
greater than cN/(log N’)k. 
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